Cell migration is a pervasive process in many biology systems and involves protrusive forces generated by actin polymerization, myosin dependent contractile forces, and force transmission between the cell and the substrate through adhesion sites. Here we develop a computational model for cell motion that uses the phase field method to solve for the moving boundary with physical membrane properties. It includes a reaction-diffusion model for the actin-myosin machinery and discrete adhesion sites which can be in a "gripping" or "slipping" mode and integrates the adhesion dynamics with the dynamics of the actin filaments, modeled as a viscous network. To test this model, we apply it to fish keratocytes, fast moving cells that maintain their morphology, and show that we are able to reproduce recent experimental results on actin flow and stress patterns. Furthermore, we explore the phase diagram of cell motility by varying myosin II activity and adhesion strength. Our model suggests that the pattern of the actin flow inside the cell, the cell velocity and the cell morphology are determined by the integration of actin polymerization, myosin contraction, adhesion forces, and membrane forces.
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cell migration | actin-myosin contraction | adhesion | phase field introduction C ell migration plays a crucial role in many biological processes, including chemotaxis, embryogenesis, and cancer metastasis. In eukaryotic cells, this migration is powered by the actin-myosin system [1] : at the cell's leading edge, cross-linked actin filaments polymerize by adding actin monomers to their barbed ends, a process known as "tread-milling", while at the back of the cell, myosin II, from now on referred to as myosin, binds to the bundled actin filaments and exerts contractile stress.
Recent experiments have examined cytosolic actin flow, the movement of actin network with respect to the substrate [2, 3, 4, 5, 6] . Many of these studies were performed using fish epidermal keratocytes. These cells are ideally suited to investigate cell motion since they are able to maintain a polarized morphology and display rapid migration on the substrate [7] . These studies revealed that in the front half of the cell, the actin network exhibits a small retrograde flow in the laboratory's frame of reference. In contrast, the trailing part of the cell displays anterograde actin flow at larger speed. This pattern of the actin flow, along with cell velocity and cell shape, was found to be dependent on various factors, including the rate of actin polymerization, the amount of myosin activity in the cell, and the cell-substrate adhesiveness [3, 8, 6] .
The active stresses generated by the actin-myosin system are transmitted to the substrates through adhesion sites, providing the necessary forces required for propulsion [2, 9, 10] . These adhesion sites are formed near the front of the cell, grow into mature focal adhesions and gradually disassemble as the cell advances [10, 11, 12] . The force transmission between cells and the substrate is often viewed as a clutch that is either engaged or disengaged [13, 14, 15] . In the engaged, or gripping, mode the cell's cytoskeleton is firmly attached to the substrate while in the disengaged, or slipping, mode there is slippage between the cytoskeleton and the substrate. A recent experimental study using keratocytes examined the relationship between actin flow and substrate stress [2] and showed that the substrate stress vector was not aligned with the actin velocity vector in the central part of the cell. This study suggests that traction at the front of the cell is generated by adhesion sites that are in the gripping mode while traction in the sides and back is generated by sites in the slipping mode.
Even though experiments have generated numerous quantitative results, the precise mechanisms of cell motion remain poorly understood. A number of recent theoretical studies have attempted to model cell migration in an effort to probe the motility mechanism. Most of these models, however, make several simplifications and do not address the full coupling between adhesion sites, actin flow, and cell morphology. For example, some studies determined the actin flow in a one-dimensional [16, 17, 18] or fixed two-dimensional cell geometry [19] . In other studies, the cell boundary was allowed to change according to a phenomenal function of protrusion rate [6, 20] while other approaches implemented physical forces along the cell membrane, obtained cell shape and speed, but ignored actin flow and detailed adhesion mechanisms [21, 22, 23] . Other studies examined adhesion dynamics and cell-substrate coupling ignoring cell deformations [24, 25, 26] or focused on the dynamics of the leading edge [27, 28] . Finally, a recently developed computational technique is able to simulate migrating three-dimensional cells but does not include discrete adhesion sites [29] .
In this study, we present a comprehensive model for cell migration which couples actin flow with discrete adhesion sites and deformable cell boundaries. These moving boundaries are solved, as in previous studies [22, 23] , using the phase field method. This method is a computationally efficient method in which the physical membrane forces, including surface tension and bending energy, can be modeled without the explicit need of boundary tracking. In our model, cell motion is generated through myosin contraction and actin polymerization, which are both treated as active stresses [18] . In addition, we include discrete adhesion sites which can be either in the gripping or slipping mode and whose dynamics is integrated with actin flow. Even though our model is easily formulated for general eukaryotic cell motion, we will apply it to keratocyte motility and will show that it can accurately account for a number of experimental findings. Furthermore, we show that we can start exploring different experimental conditions through simple modifications of the parameters.
will treat the lamellipodium as a two-dimensional object, shown as a top view in Fig. 1B .
Our model exists of four coupled "modules", each describing different aspects of cell motility. More details of our model can be found in the Supporting Information. The first module describes the cell shape in terms of the phase field method and is similar to our previous work. In this method, an auxiliary non-physical field, φ, is introduced to distinguish between the interior and exterior of the cell. The membrane is then modeled as a diffusive interface between these two values (here, φ = 1 for the inside the cell and φ = 0 for the outside). The main advantage of this method is that it avoids the need for explicit boundary tracking techniques. Consequently, it has been applied successfully to a large amount of free-boundary problems [30, 31, 32, 33, 22, 23] . In our case, the dynamic equation for the phase field is written as
where the advection term couples the phase field to the local actin flow velocity, u, c denotes the local curvature, Γ is a Lagrangian multiplier, ǫ is the parameter controlling the width of the cell boundary, and G is a double well potential with minima at φ = 1 and φ = 0. This description is similar to the one we used previously except that we no longer enforce a constant cell area and that, following Ref. [33] , we have added the last term to stabilize the phase field interface. The second module describes the actin network which is treated as a viscous fluid [19] in the quasi steady approximation:
where ν0 is the effective viscosity of actin network. Through explicit simulations, we have verified that solving the time-dependent equation for the actin flow does not lead to qualitatively different results. The first term represents the symmetrized strain rate tensor while the next two terms describe the contractile stress generated by myosin and the expansive stress due to actin filament polymerization, respectively, and are detailed in the Supporting Information [18] . The fourth term in this equation represents the membrane forces (surface tension and bending force) and are implemented in the phase field approach as before [34, 22] . The last term in the equation for the actin flow represents the forces due to the adhesion mechanism, described in the third module. It contains a spatially uniform drag force that is linearly proportional to the velocity of the cell. Additionally, we consider adhesive forces arising from discrete adhesion complexes. Newly created complexes are in the gripping mode and are modeled as springs with ends that are attached to the substrate and to the actin network. The position of the former is fixed in the laboratory frame of reference while the position of the latter is subject to movement due to actin flow. Hence, once the actin network starts to flow, these springs stretch and exert a force on both the actin network and the substrate. As the network continues to flow, the spring is stretched further and its probability of breaking increases. Once the adhesive bond is broken, the complexes operate in the slipping mode and the adhesive force is modeled as a simple drag force. Finally, the complexes disappear at a constant rate and when encountering the cell boundary, after which a new one is immediately created, keeping the number of adhesion sites fixed. The location of a new adhesion site is chosen from a probability distribution density that is proportional to the actin density. In a moving cell, this concentration is high near the leading edge and low near the trailing edge of the cell, leading to nascent adhesion sites that are concentrated at the front of the cell.
The final module in our model contains reaction-diffusion equations for the actin filament and myosin concentrations, ρa and ρm. The equation for actin contains an advection term, a diffusion term and a reaction kinetics term. We will present here results for a specific choice of the reaction kinetics but our model is equally applicable to different actin-myosin models. Our reaction term is a function f (ρa, ρ cyt a ) that also depends on the cytosolic actin monomer concentration ρ cyt a . Since actin monomer diffuse rapidly, we will assume that this monomer concentration is uniform. The mass-conserving function f is chosen to be bi-stable with solutions corresponding to small and large actin concentrations [35, 36] . Choosing the total actin concentration neither too large nor too small leads to a symmetry broken solution in which one part of the cell has a high actin concentration and the remainder has a small actin concentration. The equivalent equation for the conserved myosin concentration describes myosin advection due to actin and diffusion. This diffusion is assumed to be a function of actin such that the diffusion constant decreases for increasing actin concentration. These equations can be incorporated into the phase field model for a moving cell with zero-flux boundary conditions as has been described before [37, 22] :
where Da and Dm(ρa) are the diffusion coefficients of the two fields. Note that Da does not represent physical diffusion but can be thought of as an effective diffusion constant arising from random events that include other actin related proteins and polymerization and depolymerization processes [38] .
The partial differential equations [1] [2] [3] [4] are solved on a 800 × 200 rectangle with grid size of 0.2µm and time step ∆t = 10 −4 s. To reduce computational costs we assumed perfect symmetry around the midline of the cell shown in Fig. 1B and only consider half of the cell. The force generated by each adhesion site is distributed equally to the nearest four grids that encloses the site. To reduce the computing time even further, we periodically shift our computation box such that the cell remains in the central portion of the box. The actin flow equation is solved using an implicit scheme and the reaction diffusion equations are calculated explicitly at locations where φ > 10 −4 . The parameters used in the simulations are provided in Supporting Table  1 . To break the symmetry and to determine the cell's direction, the initial actin filament concentration is chosen to be nonzero only in the front half of the cell. The ensuing polymerization of actin filaments pushes the cell forward, resulting in myosin being advected to the back of the cell. The increase of myosin at the back of the cell produces contractile stress and retracts the cell rear, resulting in cell motion. After a transitory period, the cell reaches a stationary fan-like shape, (Fig.  2A) , and moves at constant speed. Fig. 2B and Fig. 2C show the corresponding steady state distribution of actin filaments and myosin, respectively.
Results and Discussion
Actin flow. The map of the actin flow produced by our model for the steady state shape corresponding to Fig. 2 is shown in Fig. 3A . Here, blue indicates retrograde flow, red corresponds to anterograde flow and the vectors correspond to the local actin flow velocity. As can be seen from these figures, the actin network flows forward in most parts of the cell with increasing speed near the back and the sides of the cell. However, the front part of the cell is characterized by a retrograde flow. This is further illustrated in Fig. 3D where we plot the actin flow velocity along the midline of the cell (shown as the dashed line in Fig.1B) . The retrograde velocity along this line reaches a maximum magnitude of ∼ 0.012µm/s. The sharp increase in flow velocity ahead of the retrograde flow zone represents the forward movement of the cell boundary, generated by the polymerization of actin filaments. At steady state, this forward velocity is identical
Substrate stress. Fig. 3B illustrates the stress map of the substrate corresponding to the cell in A. Here, red represents forward, blue represents rearward stress and the arrows indicate the local stress magnitude and direction. The cell-to-substrate stress contains contributions from the basal level friction between the cell and the substrate, friction from the slipping sites and the stress from the gripping sites, mediated through stretched springs. The stress was computed assuming that the substrate is very rigid and that substrate deformations can be ignored. We have checked that the substrate stress, including the uniform drag force, sums up to zero at steady state, such that the net force on the cell vanishes. The stress map reveals that the stress is directed towards the back in roughly the front half of the cell and directed forward in the trailing part of the cell.
Actin stress alignment. To investigate the alignment between actin flow and substrate stress we computed the angle between the actin flow and the substrate stress, θ. A map of cosθ is shown in Fig. 3C using a color scale with red corresponding to cosθ = 1 and blue corresponding to cosθ = −1. If adhesion were purely due to frictional drag, the substrate stress would always be in the same direction as the actin flow. Indeed, in most of the cell, the map reveals that the actin flow and substrate stress are aligned. At the central part of the cell, however, the stress is not perfectly aligned with the actin flow (cosθ < 1) and can even be opposite to the actin flow (cosθ = −1).
Distribution of adhesion sites. In Fig. 3E we show the time-averaged distribution of adhesion sites that are in the gripping mode while in 3F we plot the equivalent distribution for adhesion sites in the slipping mode. Clearly, most of the gripping sites are located in the front part of the cell, while the slipping sites are located at the back of the cell. Furthermore, due to their significant decay rate, most of these sites are found away from the trailing edge of the cell.
Role of myosin and adhesion on cell morphologies and flow pat-
terns. Within our model, it is straightforward to investigate cell morphologies and flow patterns for different parameters, corresponding to experimental perturbations. We focus here on the effects of myosin contractility and adhesion strength. Experimentally, the former can be altered using blebbistatin (a myosin inhibitor) or calyculin A (a phosphatase inhibitor that activates myosin contraction) while the latter can be changed by coating the substrate with specific polymers [6] . The corresponding numerical parameters in our model are the total myosin concentration ρm and the gripping force parameter F 0 grip . In Fig. 4 we plot the simulated cell morphologies for several different combinations of myosin concentration and adhesion strengths. The initial myosin density is varied from high (top row), to medium (middle row), and to low (bottom row) while the gripping strength increases from left to right. All the cell shapes shown in Fig. 4 are stationary except the one with the smallest myosin concentration and highest cell-substrate adhesion (right-bottom corner), which exhibits shape oscillations. Further quantification of the effects of varying myosin concentration and cell-substrate adhesion is presented in Fig. 5 where we plot several quantities as a function of the gripping force parameter F 0 grip (adhesion strength) for ρm = 0.3µm −2 (dashed line, corresponding to the middle row in Fig. 4 ) and ρm = 0.4µm −2 (solid line, upper row in Fig. 4) . In Fig. 5A we plot the area of the cell as a function of the cell-substrate adhesion. This area is smaller for larger myosin concentrations and increases for increasing adhesive strengths. In Fig.  5B we report the maximum retrograde actin flow which is reduced for increasing gripping strength and decreasing myosin concentration. In Fig. 5C we plot the aspect ratio, defined as the ratio between the width and the length of the cell. The aspect ratio of cells with a large myosin concentration shows a monotonic increase in the aspect ratio as the gripping strength is increased. In contrast, the aspect ratio for an intermediate myosin concentration, corresponding to the middle row in Fig. 4 , does not change monotonically with gripping strength: the aspect ratio is small for low and high values of F 0 grip and reaches a maximum for F 0 grip = 5P a.
Comparison with experimental results. A comparison of the numerical results presented above with experimental data reveals that our model is able to capture most experimental findings. First of all, and consistent with our earlier work [22] , the stationary shapes closely match the experimentally observed cell morphologies. A steadily moving cell for intermediate adhesion strength and myosin concentration exhibits a fan-like morphology (Fig. 2) . Our results also compare favorably to the experimental data in the study of Barnhart et al. in which the myosin activity and adhesion strength was altered [6] . In particular, the morphologies shown in Fig. 4 are remarkably consistent with the ones reported in their experimental study. For example, the experiments also found that the area decreases for increasing myosin activity and increasing cell-substrate adhesion (compare with Fig. 5A ). Furthermore, our numerically obtained aspect ratio for intermediate myosin concentrations (middle row in Fig. 4 ) also exhibits a biphasic dependence on adhesion strength, with cells crawling at intermediate adhesion strength displaying the highest aspect ratio (Fig. 5C) .
Our actin and myosin distributions are consistent with experimental observations which show that actin is enriched at the front of the cell and myosin is concentrated in the back half of the cell [39, 2] . The actin flow pattern is in general accordance with the experimentally observed patterns which show a retrograde flow with a small velocity in the front of the cell and a larger anterograde flow at the cell rear [3, 39, 8, 2] . Also, the actin flow was reported to decrease for increased adhesion strengths, similar to our findings shown in Fig.  5B [6] . Finally, our stress map is qualitatively similar to the maps obtained in experiments using traction force microscopy [2] . In particular, as in the experiments, we observe that the region of rear-ward stress extends further away from the leading edge than the zone of retrograde actin flow. This can be seen in Fig. 3C which shows that the actin flow and stress direction are in opposite direction in the central part of the cell.
Motility mechanism. Taken together, our results suggest the following biophysical picture of cell movement: Cell movement is generated through the asymmetric distribution of actin filaments and myosin. The actin is concentrated at the front of the cell, leading to protrusive forces that push the membrane forward. Since myosin is attached to the actin filaments, it is advected with actin towards the rear of the cell. As a result of the bi-stable reaction kinetics (f in Eq. 3), the actin concentration is high in the front part of the cell and drops rapidly to a small value in the remainder of the cell, leading to an actin and myosin concentration profile as in Fig. 2B and C. The expansive stress from the actin network, together with the contractile stress of myosin, lead to retrograde flow in the front part of the cell as the network is both pushed (by actin) and pulled backwards (by myosin). At the rear of the cell, however, the actin must move with the cell's velocity and in the anterograde direction. The result is an actin velocity profile as in Fig. 3A and D.
Adhesion sites are formed with a probability distribution that is proportional to the actin concentration. Thus, new ones are predominantly formed near the front of the cell where they are in the gripping mode. Since the actin near the front of the cell flows in the retrograde direction, these sites will move backwards, resulting in retrograde stress on the substrate (Fig. 3B) . After their formation, these sites become more strongly attached to the substrate and are stretched further, increasing the retrograde cell-substrate stress. Once the actin flow reverses its direction from retrograde to anterograde, the length of the spring is reduced, leading to a decreasing rearward stress. Eventually, as the actin continues to flow in the anterograde direction, the adhesion springs are stretched in the forward direction, resulting in forward substrate stresses. Hence, as was observed in the experiments [2] , the location where retrograde flow switches to anterograde flow does not coincide with the location where the stress changes from forward to rearward, resulting in an opposite alignment of actin flow and substrate stress in the central part of the cell (Fig.  3C) . Specifically, the region of opposite alignment corresponds to the part of the cell in which the actin flow is anterograde while the adhesion spring is still stretched in the rearward direction. Since the flow velocity is roughly linear (Fig. 3D) , the amount of time to return from the maximal rearward extension to the unstretched position is roughly identical to the amount of time during which the spring is being stretched backwards. Hence, the spatial extent of the region in which the stress and flow are aligned oppositely is roughly identical to the spatial extent of the frontal region where the flow and substrate stress are aligned. As the anterograde flow magnitude increases, the adhesion force increases until the adhesive bond is broken. This is also shown in Fig. 5D where we plot the average substrate stress along the midline of the cell where negative values correspond to rearward stress and positive values correspond to forward stress. This figure demonstrates that the anterograde flow increases the forward substrate stress rapidly, after which the bonds break. Once broken, these adhesive sites exert a forward stress due to frictional drag ( Fig. 3E and  F) .
Our parameter modifications show that the cell morphology, along with actin flow speeds, depend not only on cell-substrate adhesion but also on myosin activity (Fig. 4 and 5) . For low gripping strengths (left column in Fig. 4) , increasing the myosin concentration results in increased contractility and, hence, rounder cells with a smaller aspect ratio (Fig. 5A) . Increasing the gripping strength leads to a transition from gripping to slipping adhesion sites that occurs at a larger cell-substrate stress. Consequently, as can be seen most clearly in the bottom row of Fig. 4 , cells become more elongated in the direction of their motion.
Summary and possible extensions. Even though our model results are consistent with experimental studies, it has several limitations and can be extended in various ways. For example, our cell is treated as a two-dimensional object. This is a reasonable approximation for the lamellipodium but is not sufficient to describe the bulbous cell body. Extension to three dimensions [29] are in principle straightforward albeit computationally more intensive. Also, we have focused here on solutions that are symmetric around the midline of the cell (dashed line in Fig. 1B) . Hence, any left-right asymmetries or bipedal locomotion as reported in the literature [40, 6] can not be captured in our numerical study. A numerical extension that solves the complete cell shape is straightforward. Note, however, that the mechanisms underlying the observed left-right asymmetry are not precisely known and might not be present in the current model. In addition, unlike our numerical studies, experiments show a significant increase in adhesion at the sides of the cell. This suggests a specific mechanism, absent in our model, that is responsible for this accumulated adhesion at the sides of the cell. Furthermore, it would be interesting to explore the dependence of cell velocity on model parameters and substrate properties. We have found that the cell speed depends nonmonotonically of Fgrip, with lower speeds at high and low adhesion strength (data not shown). This peak in cell speed appears to depend on the myosin concentration and a further exploration is warranted. Also, in our model the cell morphology is treated deterministically and is not able to address experimental results which show cell shapes with a noisy periphery under low myosin activity and higher adhesion strength conditions [6] . Furthermore, our reaction-diffusion model can be extended to include more complicated actin-myosin dynamics. For example, it has been suggested that myosin might disassemble F-actin near the cell back [8] . In addition, it would be interesting to include extra pathways to control ρ tot a , ensuring that the cell is able to polarize [35] . Also, we have assumed that the substrate is infinitely rigid. Experiments have shown that substrate rigidity can affect the shapes and motility properties of cells [24] , and our previous work has shown how to describe substrate deformations [26] . Finally, it would be worth exploring the effects of barriers on the cell velocity, as was investigated in recent experiments [41] . We believe that our model is well-suited to start exploring these extensions, which should lead to a more fundamental biophysical understanding of cell motility.
In summary, we have presented a computational model for cell motility that incorporates cytosolic actin flow, discrete adhesion sites, myosin contraction, actin polymerization, and membrane forces. Our computational methodology employs a phase-field, enabling an efficient determination of the morphology of the cell. The results of our model are in good agreement with experimental data. In particular, it is able to reproduce maps of actin flow, substrate stress and their alignment as observed in recent experiments that combined traction force microscopy and actin flow measurements. Our results suggest that cell motion and its associated cell morphology and actin flow patterns are controlled by the collective effects of myosin contraction, actin polymerization, and adhesion site dynamics.
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